Abstract. In this note we introduce multi-interpolated multiple zeta values, refining the interpolated multiple zeta values. We use symbolic combinatorics to obtain identities for ζ t ({s} k ). Moreover, building on earlier work on the ordinary interpolated multiple zeta values, we introduce a quasi-shuffle product for multi-interpolated multiple zeta values.
For non-truncated series ζ and ζ , Yamamoto [19] 
Thus, the series ζ t (i 1 , . . . , i k ) interpolates between multiple zeta values, case t = 0, and multiple zeta star values, case t = 1. Equivalently, the interpolated multiple zeta values can be defined as
where σ is given by the number of equalities:
Apparently, for t = 0 we have ζ 0 (i 1 , . . . , i k ) = ζ(i 1 , . . . , i k ), whereas for t = 1 it holds ζ 1 (i 1 , . . . , i k ) = ζ (i 1 , . . . , i k ). It turned out that the interpolated series satisfies many identities generalizing or unifying earlier result for multiple zeta and zeta star values, see for example Yamamoto [19] for a generalization of the sum identity as well as many other results, and also Hoffman and Ihara [10] or Hoffman [6, 9] for further results.
In particular, a so-called quasi-shuffle product t * was introduced by Yamamoto [19] , see also [6, 9, 10] , sometimes also called stuffle product, can be defined for the interpolated multiple zeta values. It satisfies
Hoffman and Ihara used an algebra framework, which leads amongst others to expressions for interpolated multiple zeta values ζ t ({m} k ) in terms of Bell polynomials and ordinary single argument zeta values, m 1. We note in passing that a few results for ζ t n ({m} k ) and ζ t ({m} k ) where reobtained in [14] using symbolic combinatorics. This work is split into two parts. First, we introduce multiinterpolated multiple zeta values and other generalizations. Then, we obtain generating functions ζ t n ({s} k ) and ζ t ({s} k ) using symbolic methods, which leads to expressions for ζ t n ({s} k ) and ζ t ({s} k ). Second, we follow closely the work of Yamamoto [19] and introduce a quasi-shuffle product t * .
We a discuss a generalization σ of the parameter σ, which leads to multi-interpolated multiple zeta values both non-truncated ζ t (i 1 , . . . , i k ) and truncated ζ t n (i 1 , . . . , i k ).
Definition 1 (Multi-interpolated multiple zeta values). Given integers (i 1 , . . . , i k ) with i 1 2 and k 1. The multi-interpolated multiple zeta value ζ t (i 1 , . . . , i k ) is defined by
with σ j denoting the number of equalities of the number j:
Similarly, we can define multi-interpolated truncated multiple zeta values.
1, which we denote in a slight abuse of notation by t = t, we have
In order to analyze multi-interpolated multiple zeta values we introduce another generalization, which gives the basic parts of the multi-interpolated truncated multiple zeta values. Definition 2. For k 1 let j 1 , . . . , j k 0 denote integers. We introduce multiple zeta values with variables t = (t 1 , t 2 , . . . ):
The truncated counterparts ζ n (i 1 t j 1 , . . . , i k t j k ) are defined accordingly, with t = (t 1 , t 2 , . . . , t n ). Example 1. We decompose ζ t (i, j, k) into its parts by splitting the underlying multiset into four parts:
Remark 2. The multiple zeta values in Definition 3 can be generalized further by setting u m = (u m,1 , u m,2 , . . . ) and we get
such that for u 1 = · · · = u k = t we reobtain our earlier definition, but for j 1 = · · · = j k = 1 and u m = (x n m ) n 1 we obtain multiple polylogarithms.
A natural specialization of ζ t (i 1 , . . . , i k ) are even-odd interpolations.
Example 2 (Even-odd interpolated multiple zeta values). Given the multi-interpolated multiple zeta value ζ t (i 1 , . . . , i k ), we choose
and get the even-odd interpolation
where σ E and σ O are given by the number of even and odd equalities, respectively. Note that here, variants of the multiple t-values of Hoffman [8] ,
naturally appear, as well as mixtures of multiple zeta and t-values (or multiple Hurwitz-zeta values); for example
Symbolic combinatorics and generating functions
We observe the following result, which is a special case of a more general result of [14] .
Moreover, the generating function Θ n (z, t) = k 0 ζ t n ({s} k )z k of the truncated multi-interpolated multiple zeta values ζ t n ({s} k ) is given by
where ζ({s t} 0 ) = ζ ({s t} 0 ) = 1. Thus, extraction of coefficient leads to the stated result.
The complete Bell polynomials B n (x 1 , . . . , x n ) are defined via
We obtain directly the following result.
Corollary 2. The values ζ t ({s} k ) can be expression in terms of complete Bell polynomials:
, with x j = (j − 1)! ζ(js t j ) − ζ(js( t − 1) j ) , 1 j k.
Remark 3. Both corollaries above are also true for the truncated variants. The Bell polynomial expression also leads to determinants for ζ t ({s} k ): a determinantal expression for B k (x 1 , . . . , x k ) is given in [2] based on [3, 13] ; another expression is obtained by using modified Bell polynomials Q k (x 1 , . . . , x k ), given by
by MacDonald [16] (see Hoffman [7] for additional properties): with
Proof of Theorem 1. Following [14] , we use the symbolic constructions from analytic combinatorics, see Flajolet and Sedgewick [4] : let Z m = {m} be a combinatorial class of size one, 1 m n. Due to the sequence construction we can describe the class of multisets B m of Z m as follows
Thus, the generating function
n}.
All multisets M n = ∞ k=1 M n,k , with k-multisets of {1, 2, . . . , n} can be combinatorially generated by
Hence, the generating function Θ n (z, t) is given by the stated formula. The result for the non-truncated multiple zeta values follow by taking the limit. Then, we use the exp − log representation and the expansion of ln(1 − z) to get
Proof of Corollary 1. From the expression for Θ(z, t) we get
The former expression is exactly the generating function of ζ({s( 1 − t)} k ), whereas the latter expression is the generating function of ζ ({s t} k ).
Quasi-shuffle product for multi-interpolated zeta values
We discuss algebraic properties of the multi-interpolated multiple zeta values. Following Hoffman [6, 9, 10] and Yamamoto [19] , let A = {z 1 , z 2 , . . . } denote a countable set of letters. Let Q A denote the rational non-commutative polynomial algebra and h 1 the underlying rational vector space of Q A . There are two products * and on h 1 defined by
For words x = au, y = bv we have
Here, denotes the commutative product z i z j = z i+j , and z i 1 = 1 z i = 0. The product * correponds to the multiplication of multiple zeta values, whereas the product to the multiple zeta star values. and ζ(1) = 1 is a homomorphism from (h 0 ; * ) to the reals. Let x and y denote non-empty words. Yamamoto [19] introduced a product t * such that
Here, ζ t denotes the map from s(h, t * ) to R, such that
This also extends to truncated multiple zeta values.
Following [19] , we introduce a multi-interpolated product t * such that
For the new product t * we introduce a variable t. It does not commute with any letters z i of the alphabet A. Moreover, the maps ζ t n , as well as ζ t , take into account the position of t.
The ordinary stuffle product * acts in the following way on words in Q A [ t], consisting of letters a j ∈ A together with powers of t. Let x = t m 1 a 1 u with u = t m 2 a 2 . . . t m n a n and y = t k 1 b 1 v with v = t k 2 a 2 . . . t k r b r . Then, x * y is given by
Our definition is looks identical similar to [19] . The key difference is the non-commutativity, i.e. x 1 = a tu = tab = x 2 .
Definition 3 (Product t * ). Let x, y denote two words. If y = 1 then
For x = a and y = b single letter words we have
Remark 5. When the variable t is evaluated into t, then t * = t * . For t = t = 1 we reobtain the ordinary stuffle product for multiple zeta star values, 1 * = where as t = t = 0 we reobtain the ordinary stuffle product for multiple zeta values, denoted by 0 * = * . 
This corresponds exactly to the decomposition of the multi-interpolated multiple zeta value ζ t (i, j, k) in Example 1.
In order to describe S t (x) for a word x, we introduce the notation of [19] : for n ∈ N let R n denote the set of subsequences r = (r 0 , . . . , r s ) of (0, . . . , n) such that r 0 = 0 and r s = n. For such r and a word x = a 1 . . . a n , we define the word Con t r (x) with respect to t. It is the weighted contraction of x with respect to r, weighted according
Lemma 1. Let x = a 1 . . . a n . The operator S t has the properties
Remark 6. Note that for t = t the weighted contraction simplifies to
where Con r (x) = b 1 · · · b s denotes the standard contraction operator of [19] .
Proof. The first part follows directly from the definition. Part b is shown using induction. We actually prove the stronger statement that (S t − 1) n x = 0 for x = t m 1 a 1 t m 2 a 2 . . . t m n a n . The statement is obviously true for an empty word 1, as well as a single letter word x = t m a. Let x = t m 1 a 1 u with a 1 a single letter and u = t m 2 a 2 . . . t m n a n the subword. By
By a slight generalization of part a we observe (S t − 1)a 1 u is a combination of words of length less or equal n − We use the following identities of [12] (see also [19] ):
They imply that
Together with the definition
we get the desired result
which equals S t (x) * S t (y) (5).
Summary and Outlook
We introduced a multi-interpolated multiple zeta value ζ t ( i) with variables t = (t 1 , t 2 , . . . ), generalized the ordinary interpolated multiple zeta value ζ t ( i), case t = t, 1
. A few properties of ζ t ( i) where established in this note, in particular, formulas for ζ t ({s} k ), as well as a stuffle product.
At the moment, it seems difficult to translate more properties for ζ t ( i) to ζ t ( i). Yamamoto established, amongst many other things, the sum property for interpolated multiple zeta values:
with k > n. For ζ t ( i), it seems that only the simplest case n = 2 can be easily treated in full generality:
However, we expect that at least a few of the results of [19] can be extended to the even-odd interpolated values ζ t E ,t O (i 1 , . . . , i k ) (see Example 2 ).
Yet another generalization of ζ t (k 1 , . . . , k n ) are interpolated Schur multiple zeta values, as introduced in [17] , see also [1] . We note at the end, that it is possible to introduce multi-interpolated Schur multiple zeta values, unifying interpolated Schur multiple zeta values and multi-interpolated multiple zeta values: the parameters v(m), counting the vertical equalities, and h(m), counting the horizontal equalities can be refined by taking into account the values of the equal entries, leading to t v(m) ( 1 − t) h(m) (see [1] , Definition 2.3); here λ denotes a given Young diagram.
